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GENERALIZED SOAP BUBBLES AND THE TOPOLOGY
OF MANIFOLDS WITH POSITIVE SCALAR CURVATURE
OTIS CHODOSH AND CHAO LI
Abstract. We prove that a closed aspherical 4-manifold does not ad-
mit a Riemannian metric with positive scalar curvature.
Additionally, we show that for n ≤ 7, the connected sum of a n-torus
with an arbitrary manifold does not admit a complete metric of positive
scalar curvature. When combined with forthcoming contributions by
Lesourd–Unger–Yau, this proves that the Schoen–Yau Liouville theorem
holds for all locally conformally flat manifolds with non-negative scalar
curvature.
A key tool in these results are generalized soap bubbles—surfaces that
are stationary for prescribed-mean-curvature functionals (also called as
µ-bubbles).
1. Introduction
We begin by recalling the following well-known result which was proven
by R. Schoen and S.-T. Yau and by M. Gromov and B. Lawson.1
Theorem 1 (Geroch Conjecture [21, 23, 26, 5]). The n-torus does not admit
a Riemannian metric of positive scalar curvature.
This result (and generalizations thereof) has several important conse-
quences, including Schoen–Yau’s proof of the positive mass theorem in gen-
eral relativity [22, 27, 26] and Schoen’s resolution of the Yamabe problem
concerning conformal deformation to constant scalar curvature [19].
In this paper, we provide two extensions of Theorem 1, ruling out posi-
tive scalar curvature on compact aspherical 4-manifolds as well as complete
metrics of positive scalar curvature on an arbitrary manifold connect sum
with a torus.
We prove these results by analyzing stable solutions to the prescribed
mean curvature problem (called here µ-bubbles). This seems to be the
first use of these surfaces to prove global topological restrictions on positive
scalar curvature; in Section 1.3 below, we discuss previous applications of
µ-bubbles for local geometry of scalar curvature (e.g. comparison theorems).
We expect that µ-bubbles will find other topological applications.
1D. Stern has recently discovered an interesting new proof of this when n = 3 (see [29]).
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1.1. Aspherical 4-manifolds. Recall that a manifold is aspherical if it has
contractible universal cover. For example, any closed manifold covered by
a Cartan–Hadamard manifold (such as the torus) is aspherical. Our first
main result is as follows.
Theorem 2. A smooth closed aspherical 4-manifold N does not admit a
smooth Riemannian metric with positive scalar curvature.
Theorem 2 (in all dimensions n ≥ 4) was conjectured by M. Gromov (see
[7, p. 113]). It has some link with the Novikov conjecture on topological
invariance of certain polynomials of Pontryagin classes, as explained by in
[11, p. 25]. Furthermore, as discussed in [9, Section 16], Theorem 2 (and its
conjectural higher dimensional analogue) is one of the central questions in
the study of geometric and topological properties of manifolds with positive
scalar curvature. A standard argument shows that Theorem 2 implies the
following rigidity result:
Corollary 3. If a smooth closed aspherical Riemannian 4-manifold (N, g)
has non-negative scalar curvature, then (N, g) is flat.
Theorem 2 was claimed (and a strategy was indicated) by R. Schoen and
S.-T. Yau in a 1987 survey article [25]. However, it does not seem that their
proof ever appeared. Recently, J. Wang proved Theorem 2 in the special
case that N has nonzero first Betti number [30, Chapter 7 (Theorem F)].2
1.2. The Geroch conjecture with arbitrary ends. Our second main
result resolves a question arising in the work of Schoen–Yau on locally con-
formally flat manifolds [17] (cf. [18, §6]).
Theorem 4. Let n ≤ 7. For any n-manifold X, the connect sum T n#X
does not admit a complete metric of positive scalar curvature. The only
complete metric of non-negative scalar curvature on T n#X is flat.
For example, this implies that a punctured torus does not admit a com-
plete metric of positive scalar curvature (note however, that this particular
statement follows from work of Gromov-Lawson in [6, Example 6.9] based
on relative index theorems). When X is compact, Theorem 4 is well-known:
it has recently been proven in full generality by Schoen–Yau [26] via an
analysis of singular minimal surfaces (cf. [23, 5]).
We emphasize that M. Lesourd, R. Unger, and S.-T. Yau have recently
announced [14] a proof of Theorem 4 for n = 3. Their proof extends to
3 < n ≤ 7 under certain technical assumptions on the geometry and topology
of the metric at infinity. Our proof is different at a technical level (even when
n = 3) as compared to their indicated strategy (which involves analyzing
non-compact stable minimal hypersurfaces).
2As pointed out in [30], there exist infinitely many aspherical 4-manifolds with zero
first Betti number [15].
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One main reason to consider Theorem 4 comes from the study of the topol-
ogy of locally conformally flat manifolds with nonnegative scalar curvature.
In their foundational work on these manifolds [17] (cf. [18, Theorem 3.5]),
Schoen–Yau have proven that the geometry of the developing map of a lo-
cally conformally flat manifold with non-negative scalar curvature is strongly
influenced by the mass of the manifold obtained via a Greens function con-
formal blown-up (motivated by Schoen’s solution to the Yamabe problem
[19]). Such a blown-up manifold will have a distinguished asymptotically
flat end, but will also have other ends with metrics that are complete but
do not have any other constraints on their geometry.
If there were no such uncontrolled ends, a well-known argument due to
Lohkamp allows one to reduce the positive mass theorem to the Geroch
conjecture for T n#M (where M is compact). Such a reduction is delicate
for asymptotically flat manifolds with other complete ends, since the geom-
etry along the other ends could affect certain global arguments. However,
Lesourd–Unger–Yau have recently announced [14] that, through a careful
analysis of the Green’s function and modification of Lohkamp’s argument,
one can reduce the study of the manifolds arising in the work of Schoen–Yau
[17] to the situation in Theorem 4. As such, by combining Theorem 4 with
results in [17] and [14], we have the following definitive result.
Corollary 5. Suppose that (Mn, g) is a complete Riemannian manifold with
Rg ≥ 0. If Φ :M → Sn is a conformal map, then Φ is injective and ∂Φ(M)
has zero Newtonian capacity.
As shown in [17, Theorems 4.6 and 4.7], the Liouville result in Corol-
lary 5 has strong consequences for the higher homotopy groups of locally
conformally flat manifolds with positive scalar curvature.
Under additional assumptions on the geometry or dimension of M (in-
cluding, e.g., that n ≥ 7), this was proven by Schoen–Yau [17, Theorem
3.1]. In fact, Corollary 5 was announced by Schoen–Yau in full generality
[17, Proposition 4.4’] (cf. [18, p. 262]), but an ingredient along the lines of
Theorem 4 has never appeared. Finally, we reiterate that Lesourd–Unger–
Yau [14] have announced a proof of Corollary 5 when n = 3 (as well as
for 4 ≤ n ≤ 7 with certain additional assumptions on the geometry and
topology of (M,g) at infinity).
We remark that our proof of Theorem 4 can be generalized to allow certain
other manifolds in place of the torus, see Section 7. We expect that one may
remove the dimensional restriction (following [26]) but we do not pursue this
here.
1.3. Idea of the proofs of Theorem 2 and Theorem 4. We explain the
idea of the proofs of the results described above. As will be seen later, both
Theorem 2 and Theorem 4 have the same central difficulty: it is hard to find
a (compact) stable minimal surface due to non-compactness of the ambient
manifold. Thus, we will mostly focus on Theorem 2 here, and briefly indicate
the strategy of Theorem 4 at the end.
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Our proof of Theorem 2 broadly follows the sketch given by Schoen–
Yau in [25] but we found it necessary to modify their approach in certain
important ways (as indicated below). The general technique used in the
proof of Theorem 2 is the inductive descent method pioneered by Schoen–
Yau for stable minimal hypersurfaces, used to prove (among other things)
the Geroch conjecture (stated here as Theorem 1).3
We now explain our proof of Theorem 2. We pass to a non-compact
cover (N, g) which is homotopic equivalent to S1. Fix [σ] a generator of
π1(N). The idea (as in [25]) is to minimize area among hypersurfaces dual
to [σ] to find a complete stable minimal hypersurface M and then derive a
contradiction from this. Here, we find it convenient to work with a stable
minimal hypersurface with fixed boundary that is very far from σ. By
Schoen–Yau’s inductive descent technique, the stable minimal hypersurface
(M,g|M ) is Yamabe positive.
As in [25], we seek to derive a contradiction from this as follows. We
want to find a large region Ω ⊂ M so that each component of ∂Ω (there
might be many) has controlled area. One can hope that each component
of ∂Ω bounds a 3-manifold in N of bounded diameter (this is a kind of
isoperimetric/filling radius estimate). We prove this as Proposition 9 (such
a result may be interesting in relation to other problems). Given this, we
can cap off each component of ∂Ω without affecting the intersection with σ.
This would yield a 3-cycle in N with non-trivial algebraic intersection with
σ. This contradicts H3(N) = 0, finishing the proof.
When carrying out this strategy, there are certain issues that must be
addressed. The most fundamental difficulty is to actually find Ω as stated.
One intuitive way is to exploit the fact that stable minimal surfaces in a
three manifold with scalar curvature ≥ 2 are spherical and have area ≤ 4π
(see [2] for a related rigidity result). However, there is no reason that M
will contain any minimal surfaces, much less admit an exahustion by regions
bounded by stable minimal surfaces.
Instead, we rely on generalized soap bubbles—surfaces that are stationary
for the prescribed-mean-curvature functional (called here the µ-bubble after
[8, 11]). The use of this functional in scalar curvature problems was first
considered by Gromov in [8, Section 556 ]. Recently, this approach was used
by Gromov to obtain a list of comparison theorems in scalar curvature [10,
11], and later expanded on in work of J. Zhu [34, 33].4 By the correct choice
of prescribing functional, we can localize the minimizer while still retaining
the geometric properties used in the inductive descent argument.
We note that an additional issue with the argument as explained above is
that the geometry of (M,g|M ) after conformally deforming to positive scalar
3As discussed above, Theorem 1 (and an extension of it) can also be proven using
spinors and the index theorem, see [5].
4The prescribed-mean-curvature functional has recently been considered in other geo-
metric problems as well, cf. [32, 1, 31].
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curvature might be dramatically different near infinity from the geometry of
(N, g). To handle this, we combine the µ-bubble method with the warped
product descent technique from [24, 26].
Now we briefly motivate the proof of Theorem 4. We again seek a µ-
bubble representing a suitable homology class and apply the Schoen-Yau
descent argument (in fact, we argue slightly differently to this, by passing
to a certain covering space so that we can consider boundaries rather than
arbitrary homological relations). The key point in this argument is then to
find the correct prescribing mean curvature function.
A basic difficulty present here (as compared to the previous discussion) is
that we are only assuming positivity of the scalar curvature rather than uni-
formly positive scalar curvature. The standard µ-bubble technique (like the
one we use in Theorem 2) could potentially fail if—for example—the scalar
curvature decayed faster than quadratically. However, because there is a
sufficiently nice covering space, we can make the argument work (morally,
this has to do with the fact that the torus has sufficiently complicated topol-
ogy). We note that a similar argument extends Theorem 4 to manifolds in
the form (M ×S1)#X, where M is a Schoen–Yau–Schick manifold (see [10,
Section 5]) and X is arbitrary.
The paper is organized as follows. We prove Theorem 2 in Section 2-4.
In Section 2, we provide topological preliminaries of aspherical 4-manifolds;
In Section 3, we prove a Federer–Fleming type isoperimetric inequality for
regular covering spaces; In Section 4, we construct the µ-bubbles and prove
Theorem 2. We prove Corollary 3 in Section 5, and Theorem 4 in Section 6.
In Section 7, we discuss an extension of Theorem 4 to Schoen–Yau–Schick
manifolds.
1.4. Acknowledgements. We are grateful to Brian White for pointing out
the compactness approach to isoperimetric inequalities that forms the basis
of Proposition 9, and Boyu Zhang for several helpful conversations about
4-manifold topology. We would like to thank Misha Gromov and Fernando
Coda´ Marques for their interest as well as Richard Schoen for bringing the
K(π, 1) question to our attention and for his constant encouragement. Fi-
nally, we are grateful to Martin Lesourd for answering several questions
concerning the work [14].
O.C was supported in part by a Terman Fellowship, a Sloan Fellowship,
and an NSF grant DMS-1811059/2016403. C.L. was supported by NSF
grant DMS-2005287.
2. Topological preliminaries
In this section we collect some basic topological facts on closed aspherical
manifolds. Let N be a smooth n-manifold. N is called aspherical, if its
homotopy groups πj(N) is trivial for all integers j > 1. Equivalently, N is
a Eilenberg–MacLane space K(π, 1), where π is the fundamental group of
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N . Alternatively, N is aspherical if and only if its universal cover, N˜ , is
contractible [12, Proposition 4.31]. We start with the following lemma.
Lemma 6. Suppose N is a smooth closed aspherical n-dimensional man-
ifold. Then π1(N) is an infinite group, and every nontrivial element of it
has infinite order.
Proof. Let N˜ be the universal cover of N . Since N˜ is contractible we
have that Hn(N˜ ;Z2) = 0. Any compact connected n-manifold X satisfies
Hn(X;Z2) = Z2, so N˜ is non-compact. Thus, π1(N) is an infinite group.
Take any element [σ] ∈ π1(N). Suppose the contrary, that [σ] has finite
order k. Let C be the cyclic group generated by [σ]. Then the manifold N˜/C
is an Eilenberg–MacLane space K(Zk, 1), which is homotopy equivalent to
S∞/Zk. This is impossible, as Hℓ(N˜/C) = 0 for all ℓ > n. 
Fix a nontrivial element [σ] ∈ π1(N) and let C be the subgroup generated
by [σ]. Let N = N˜/C. Then N homotopic equivalent to the Eilenberg–
MacLane space K(Z, 1) ≃ S1. In particular, H4(N) = 0, and hence N is
non-compact. Fix a non-contractible loop σ ⊂ N .
Proposition 7. For any pre-compact open set D ⊂ N containing a neigh-
borhood of σ, there exists a smooth compact submanifold M0 of dimension
(n − 1), such that ∂M0 ⊂ N \D, and the algebraic intersection number of
M0 and σ is 1.
Proof. By Poincare´ duality for non-compact manifolds [12, Theorem 3.35],
H1(N) is isomorphic to H
n−1
c (N). Thus, there exist a connected pre-
compact open set A with D ⊂ A and α ∈ Hn−1(N,N \ A) with α ⌢ µA =
[σ]. Observe that α is not a torsion element of Hn−1(N,N \ A). Now, the
universal coefficient theorem for cohomology (since Ext1(Hn−2(N,N \A),Z)
is purely torsion) we can find β ∈ Hn−1(N,N \ A) with α ⌢ β = 1 ∈
H0(N,N \ A). This yields M0 as claimed.
Indeed, by Lefschetz duality [12, Theorem 3.43],
Hn−1(N,N \ A) ≃ H1(A) ≃ 〈A,S1〉,
where 〈A,S1〉 is the basepoint-preserving homotopy classes of maps to S1.
Take an element in 〈A,S1〉 corresponding to β and approximate it by a
smooth map f . Let p ∈ S1 be a regular value of f . Then the smooth
hypersurface f−1(p) ⊂ A represents β and thus has algebraic intersection
number 1 with σ. This completes the proof (possibly shrinking A slightly
so that ∂M0 is smooth and compact). 
3. An isoperimetric inequality in covering spaces
In this section, we consider Πˆ : (Nˆ , gˆ) → (N, g) a regular Riemannian
covering map of n-dimensional manifolds, with (N, g) compact. (Recall that
a covering map p : Nˆ → N is regular if the group of deck transformations
acts transitively on the fibers.)
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Lemma 8. Given a sequence of points {xˆk}∞k=1 in Nˆ , there is a subsequence
and a sequence of deck transformations Φi : Nˆ → Nˆ so that Φi(xˆi)→ xˆ∞ ∈
Nˆ as k →∞.
Proof. Extracting a subsequence, we have Πˆ(xˆk) → x∞ ∈ N . Moreover,
we can choose an open set U ∋ x∞ trivializing the cover and assume that
Πˆ(xˆk) ∈ U for all k. Fix Uˆ ⊂ Nˆ so that Πˆ|Uˆ is a diffeomorphism onto
its image. Because we have assumed that Πˆ is regular, we can find deck
transformations Φi : Nˆ → Nˆ so that Φi(xˆi) ∈ Uˆ . Set xˆ∞ = Uˆ ∩ Πˆ−1(x∞) so
that Φi(xˆk)→ xˆ∞. This completes the proof. 
We write Iℓ(Nˆ) for the space of integer rectifiable ℓ-currents in Nˆ (cf. [28,
Chapter 6]).
Proposition 9. Assume that Hℓ(Nˆ ) = 0. Given a0, r0, there is a1, r1 so
that if σ ∈ Iℓ(Nˆ) has ∂σ = 0, M(σ) ≤ a0 and supp(σ) ⊂ Br0(x) then there
is S ∈ Iℓ+1(Nˆ) with ∂S = σ, M(S) ≤ a1, and supp(S) ⊂ Br1(x).
Proof. Because Hℓ(Nˆ) = 0, the Federer–Flemming deformation theorem
implies [4, 5.11] that for any σ ∈ Iℓ(Nˆ ) with ∂σ = 0, there is S ∈ Iℓ+1(Nˆ)
with ∂S = σ. Consider a sequence {σk}∞k=1 with σk ∈ Iℓ(Nˆ), M(σk) ≤ a0,
and supp(σ) ⊂ Br0(xˆk). Assume for contradiction that any S ∈ Iℓ+1(Nˆ)
with ∂S = σk has either M(S) ≥ k or supp(S) 6⊂ Bk(xˆk). By Lemma 8, we
can pass to a subsequence and find a sequence of deck transformations Φi so
that Φi(xˆk)→ xˆ∞ ∈ Nˆ . We can replace σk by (Φi)#σk (without relabeling)
without affecting any of the hypothesis above.
For k sufficiently large, we have that supp(σk) ⊂ B2r0(xˆ∞). Moreover,
M(σk) ≤ a0. Thus, by the Federer–Fleming Compactness Theorem [4, 8.13],
a subsequence of the σk converge in the flat norm to σ∞. Since Hℓ(Nˆ) = 0,
as explained above we can find S∞ ∈ Iℓ(Nˆ) so that ∂S∞ = σ∞ and so
that M(S∞) < ∞ and supp(S∞) ⊂ BR(xˆ∞) for some R > 0. This implies
that for k large, there is Sk with ∂Sk = σk, M(Sk) ≤ M(S∞) + 1, and
supp(Sk) ⊂ BR+1(xˆk). However, we have assumed that no such Sk exists.
This is a contradiction. 
4. Proof of Theorem 2
Fix a closed smooth aspherical 4-manifold N with positive scalar curva-
ture. By scaling, we may assume that g is a Riemannian metric on N with
R(g) ≥ 3. Let N be the covering space with π1(N) = Z, and σ ⊂ N be a
non-contractible embedded loop as in Section 2. Fix p ∈ N . We fix L ≫ 1
sufficiently large in the following lemma.
Lemma 10. We can fix L sufficiently large so σ ⊂ BL/4(p) and the following
holds. Suppose that Σ2 ⊂ N\BL/2(p) is a topological sphere with H2(Σ) ≤ 4π
and diamN (Σ) ≤
√
2π. Then, [Σ] = 0 in H2(N \BL/3(p)).
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Proof. Lift Σ to the universal cover (N˜ , g˜). Note that Π˜ : (N˜ , g˜) → (N, g)
is a regular covering map and H2(N˜) = 0. Proposition 9 implies that there
are constants a1, r1 (depending only on (N, g)) and an integer rectifiable 3-
current S˜ ∈ I3(N˜) with M(S˜) ≤ a1 and supp(S˜) ⊂ Br1(x) for some x ∈ N˜ .
For τ : (N˜ , g˜) → (N, g) the quotient map, set S = τ#S˜ ∈ I3(N). Note
that ∂S = Σ and S ⊂ Br1(τ(x)). Taking L ≥ 56r1 sufficiently large so that
σ ⊂ BL/4(p), the assertion follows. 
By Proposition 7, there exists a smooth embedded hypersurface M0 such
that ∂M0 ⊂ N \B2L(p). Consider the area-minimization problem
inf{H3(M) : ∂M = ∂M0,M is homologous to M0}.
A compact smooth embededed minimizer M exists. Moreover, since M is
homologous to M0, the algebraic intersection number of M with σ is 1.
Using R(g) ≥ 3, the stability inequality for M implies that∫
M
(|∇ψ|2 − 12(3−RM + |A|2)ψ2) dH3 ≥ 0, ∀ψ ∈ C10 (M).
Here RM is the scalar curvature of the induced metric on M . In particular,
the operator −∆M − 12(3 − RM ) is non-negative. Thus, there exists u ∈
C∞(M), u > 0 in M˚ , and
∆Mu ≤ −12(3−RM )u.
Define ρ0 ∈ Lip(M) by letting ρ0(x) = distN (x, p). Approximate ρ0 by
a smooth function ρ1 ∈ C∞(M) such that |Lip(ρ1)| < 2 . Take ε > 0 such
that L− ε, L+ 2π(1 + ε) + ε2, and L+ 4π + ε are regular values of ρ1. We
can also arrange that M ∩BL/2(p) ⊂ {ρ1 ≤ L− ε}. Define
ρ(x) =
ρ1(x)− L− 2π
2π + ε
.
Clearly |Lip(ρ)| < 1π . Denote M1 = {x ∈ M : −1 ≤ ρ(x) ≤ 1}, S1 =
M ∩ ρ−1(−1), S2 = M ∩ ρ−1(1). Note that ∂M ∩M1 = ∅. Finally, let
Ω0 =M ∩ ρ−1((−1, 0]).
For a function h0 ∈ C∞(−1, 1) to be fixed below, let h = h0 ◦ρ. Consider
the following functional
Ah(Ω) =
∫
∂Ω
u dH2 −
∫
M
(χΩ − χΩ0)hu dH3, (1)
for all Caccioppoli sets Ω in M1 such that Ω∆Ω0 is compactly contained in
the interior of M1. Geometrically, this is equivalent the functional
A˜h(Ω × S1) = H3(∂(Ω× S1))−
∫
Ω×S1
(χΩ×S1 − χΩ0×S1)h˜ dH4, (2)
for S1-invariant Caccioppoli sets Ω× S1 inside (M1 × S1, g˜), where g˜ is the
warped product metric g˜ = g + u2dt2, and h˜ is defined on M1 × S1 by
h˜(x, t) = h(x).
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The existence and regularity of a minimizer of A˜h among all Caccioppoli
sets (without any equivarient assumptions) was claimed by Gromov in [11,
Section 5.1], and was rigorously carried out by Zhu in [34, Proposition 2.1].
For the sake of completeness, we include a proof here.
Proposition 11. Suppose h0 satisfies
lim
t→−1
h0 = +∞, lim
t→1
h0 = −∞,
then there exists a smooth minimizer Ω for Ah such that Ω∆Ω0 is compactly
contained in the interior of M1.
Proof. Let Ω be a Caccioppoli set in M1 such that Ω∆Ω0 is compactly
contained in the interior of M0. We first show that, by adding to Ω a
neighborhood of S1, and subtracting from it a neighborhood of S2, one
decreases Ah. For τ > 0, denote Ωτj the distance neighborhood of Sj in
M1, j = 1, 2. Choosing τ sufficiently small, Ω
τ
j has a foliation {Sρj }ρ∈[0,τ ] by
smooth equi-distance hypersurfaces to Sj. Denote η the unit normal vector
field of {Sρj } defined in this Ωτj , pointing into M1 along Sj . Let τ > 0 be
sufficiently small so that
hu > div(uη) in Ωτ1 , hu < − div(uη) in Ωτ2 .
We compute
Ah(Ω ∪ Ωτ1)−Ah(Ω) =
∫
∂(Ω∪Ωτ
1
)
u dH2 −
∫
∂Ω
u dH2 −
∫
Ωτ
1
\Ω
hu dH3
=
∫
∂Ωτ
1
\Ω
u dH2 −
∫
∂Ω∩Ωτ
1
u dH2 −
∫
Ωτ
1
\Ω
hu dH3
<
∫
∂Ωτ
1
\Ω
u dH2 −
∫
∂Ω∩Ωτ
1
u dH2 −
∫
Ωτ
1
\Ω
div(uη) dH3.
Moreover,∫
Ωτ
1
\Ω
div(uη) dH3 =
∫
∂Ωτ
1
\Ω
(η · ν)u dH2 −
∫
∂Ω∩Ωτ
1
(η · ν)u dH2
≥
∫
∂Ωτ
1
\Ω
u dH2 −
∫
∂Ω\Ωτ
1
u dH2.
Thus Ah(Ω ∩ Ωτ1) < Ah(Ω). By an analogous calculation, Ah(Ω \ Ωτ2) <
Ah(Ω). Hence it suffices to consider the infimum of Ah among C, where C
is the collection of Cacioppoli sets that contain Ωτ1 and are disjoin from Ω
τ
2 .
Since |hu| < C1 in M1 − (Ωτ1 ∪ Ωτ2), we conclude that Ah(Ω) > −C1H3(M)
for all Ω ∈ C. Hence I = inf{Ah(Ω) : Ω ∈ C} exists. Take a sequence
Ωk ∈ C with Ah(Ωk) → I. Then H2(∂Ωk) < C(I + C1H3(M1)). By the
Federer–Fleming compactness theorem, Ωk subsequentially converges in flat
norm to a Caccioppoli set Ω. It follows that Ω is a minimizer of Ah, and
thus has smooth boundary by standard regularity theory. 
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We now fix h0 ∈ C∞(−1, 1) by h0(t) = − tan(π2 t) (and let h = h0 ◦ ρ as
above). By Proposition 11, we can take Ω to be a minimizer of Ah among
Caccioppoli sets with Ω∆Ω0 compactly contained in the interior of M1. Let
Σ be a connected component of ∂Ω. We calculate the first variation
d
dt
Ah(Ωt) =
∫
Σt
(Hu+ 〈∇u, ν〉 − hu)ψ dH2
for ψ the normal speed. Thus, Ω being a critical point for Ah is equivalent
to the relation
HΣ = −u−1 〈∇u, ν〉+ h.
Moreover, Σ is stable, i.e., we have Qh(ψ) := ddt2
∣∣∣
t=0
(Ah(Ωt)) ≥ 0. We
calculate the second variation to be
Qh(ψ)
=
∫
Σ
(−ψu∆Σψ − 12(RM −RΣ + |AΣ|2 +H2Σ)ψ2u+HΣ〈∇u, ν〉ψ2
+D2u(ν, ν)ψ2 − 〈∇Σu,∇Σψ〉ψ − 〈∇(hu), ν〉ψ2
)
dH2
=
∫
Σ
(
−ψu∆Σψ − 12(RM −RΣ + |A˚Σ|2)ψ2u− 34H2Σψ2u+ (∆Mu
−∆Σu)ψ2 − 〈∇Σu,∇Σψ〉ψ − 〈∇h, ν〉 uψ2 − h 〈∇u, ν〉ψ2
)
dH2
≤
∫
Σ
(
|∇Σψ|2u− 12 (3−RΣ + |A˚Σ|2)− 34H2Σψ2u− (∆Σu)ψ2
−h 〈∇u, ν〉ψ2 − 〈∇h, ν〉 uψ2) dH2.
Observe that
1
2H
2
Σψ
2u = 12u
−1 〈∇u, ν〉2 ψ2 − h 〈∇u, ν〉ψ2 + 12h2ψ2u,
so
Qh(ψ) ≤
∫
Σ
(|∇Σψ|2u− 12(2−RΣ)ψ2u− (∆Σu)ψ2
−12(1 + h2 + 2 〈∇h, ν〉)ψ2u
)
dH2 (3)
Recall that h0(t) = − tan(π2 t) and h = h0 ◦ ρ. We estimate:
1 + h2 + 2 〈∇Σh, ν〉 ≥ 1 + (h0 ◦ ρ)2 − 2Lip(ρ)|h′0 ◦ ρ|
≥ 1 + tan2
(π
2
ρ
)
− 1
cos2(π2ρ)
= 0.
Therefore, we conclude
0 ≤ Qh(ψ) ≤
∫
Σ
(|∇Σψ|2u− 12(2−RΣ)ψ2u− (∆Σu)ψ2) dH2 (4)
for any ψ ∈ C∞(Σ).
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We now choose ψ = u−
1
2ϕ in (4). Note that
∫
Σ
|∇Σψ|2u dH2
=
∫
Σ
(
1
4u
−2ϕ2|∇Σu|2 − 12u−1
〈∇Σu,∇Σϕ2〉+ |∇Σϕ|2) dH2
=
∫
Σ
(−34u−2ϕ2|∇Σu|2 + u−1ϕ 〈∇Σu,∇Σϕ〉+ |∇Σϕ|2 + u−1(∆Σu)ϕ2) dH2
≤
∫
Σ
(
4
3 |∇Σϕ|2 + u−1(∆Σu)ϕ2
)
dH2.
Thus, (4) gives
0 ≤ Qh(u−
1
2ϕ) ≤
∫
Σ
(
4
3 |∇Σϕ|2 − 12(2−RΣ)ϕ2
)
dH2, ∀ϕ ∈ C1(Σ). (5)
We choose ϕ = 1 in (5). Because Σ is connected (and RΣ = 2KΣ) we
have
H2(Σ) ≤ 2πχ(Σ).
This immediately proves that Σ is a 2-sphere and H2(Σ) ≤ 4π.
We proceed to show that diamN (Σ) ≤
√
2π. We use the minimal slicing
argument of Schoen-Yau [26] (cf. [20]). Returning to (4), we see that there
is a positive function w ∈ C∞(Σ) such that
divΣ(u∇Σw) ≤ −(1−KΣ + u−1∆Σu)uw.
Setting λ = uw, observe
∆Σλ = divΣ(u∇Σw) + divΣ(w∇Σu) ≤ −(1−KΣ)λ+ 〈∇Σw,∇Σu〉 .
We now fix two points x1, x2 ∈ Σ and minimize
l(γ′) :=
∫
γ′
λds
among all curves γ′ connecting x1, x2. The minimizer γ for l exists and
is smooth. The first variation of l shows that the geodesic curvature of γ
satisfies κ = −λ−1 〈∇λ, ν〉. Furthermore, the second variation of l implies
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that for φ ∈ C∞0 (γ),
0 ≤
∫
γ
((−φ∆γφ−KΣφ2 − κ2φ2)λ
+(κ 〈∇λ, ν〉+D2λ(ν, ν))φ2 − 〈∇γλ,∇γφ〉φ
)
ds
=
∫
γ
((−φ∆γφ−KΣφ2 − κ2φ2)λ
+(∆Σλ−∆γλ)φ2 − 〈∇γλ,∇γφ〉φ
)
ds
≤
∫
γ
((−φ∆γφ− φ2 − κ2φ2)λ
+(〈∇Σw,∇Σu〉 −∆γλ)φ2 − 〈∇γλ,∇γφ〉φ
)
ds
=
∫
γ
((|∇γφ|2 − φ2 − κ2φ2)λ+ (〈∇Σw,∇Σu〉 −∆γλ)φ2) ds.
Taking φ = λ−
1
2ϕ for ϕ ∈ C∞c (γ) and computing as in (5), we have
0 ≤
∫
γ
(|∇γϕ|2 − ϕ2 − κ2ϕ2 − 34λ−2|∇γλ|2ϕ2
+ λ−1ϕ 〈∇γλ,∇γϕ〉+ λ−1 〈∇Σw,∇Σu〉ϕ2
)
ds.
Note that
1
2κ
2 = 12λ
−2 〈∇λ, ν〉2 ≥ λ−1 〈∇w, ν〉 〈∇u, ν〉
and
1
2λ
−2|∇γλ|2 ≥ λ−1 〈∇γw,∇γv〉 .
Because 〈∇Σw,∇Σu〉 = 〈∇γw,∇γu〉+ 〈∇w, ν〉 〈∇u, ν〉, we thus see that
−12κ2 − 12λ−2|∇γλ|2 + λ−1 〈∇Σw,∇Σu〉 ≤ 0.
As such, we find
0 ≤
∫
γ
(|∇γϕ|2 − ϕ2 − 14λ−2|∇γλ|2ϕ2 + λ−1ϕ 〈∇γλ,∇γϕ〉) ds
≤
∫
γ
(|∇γϕ|2 − ϕ2 − 14λ−2|∇γλ|2ϕ2 + λ−1ϕ 〈∇γλ,∇γϕ〉) ds
≤
∫
γ
(
2|∇γϕ|2 − ϕ2
)
ds.
This implies that the length of γ is at most
√
2π.
To summarize, we have found Ω ⊂M containingM∩BL/2(p) so that each
component Σ of ∂Ω is a sphere with H2(Σ) ≤ 4π and diamN (Σ) ≤
√
2π.
Applying Lemma 10 to each boundary component, we can cap Ω off in N to
find a 3-cycle M˜ ⊂ N so that M˜ has algebraic intersection number with σ
equal to 1 (when we cap off the boundary components, this cannot introduce
new intersections with σ by construction). This implies that [M˜ ] 6= 0 in
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H3(N). However, H3(N) = 0. This contradiction completes the proof of
Theorem 2.
5. Proof of Corollary 3
If (N4, g) is an aspherical Riemannian 4-manifold with non-negative scalar
curvature, Theorem 2 implies that g must be Ricci-flat (otherwise running
the Ricci flow for a short time would yield a metric with positive scalar
curvature). By the Cheeger–Gromoll splitting theorem [3, Theorem 3], the
universal cover (N˜ , g˜) splits isometrically as (N˜ ′, g˜′) ×Rk for N˜ ′ compact.
Because N is aspherical, we thus see that N˜ ′ is a point, so (N˜ , g˜) is flat R4.
This completes the proof.
6. Proof of Theorem 4
For X a n-manifold (compact or non-compact), suppose that g is a com-
plete metric onM = T n#X with non-negative scalar curvature. By a result
of Kazdan [13], either g is Ricci flat or M admits a complete metric of pos-
itive scalar curvature. However, a complete Ricci flat metric on T n#X is
easily seen to be flat (this follows from the splitting theorem; for example,
see [3, Theorem 4]). As such, it suffices to consider the case of positive scalar
curvature. We will pass to an appropriate covering space and apply the µ-
bubble technique on the cover, after carefully choosing a weight function
h.
Fix ε > 0 small and define
Ξ := {~x = (x1, · · · , xn) ∈ Rn : |~x− ~k| > ε,~k ∈ Zn}/ ∼
where (x1, · · · , xn) ∼ (x1+ k1, · · · , xn+ kn) for k1, · · · , kn ∈ Z. By assump-
tion, there is a map Ψ : Ξ → M so that Ψ is a diffeomorphism onto its
image. By scaling, we can assume that Rg > 1 on Ψ(Ξ).
Observe that M is (topologically) covered by Mˆ = (T n−1 × R)#ZX
(unwind one of the S1 factors in T n). Define
Ξˆ = {~x = (x1, · · · , xn) ∈ Rn : |~x− ~k| > ε,~k ∈ Zn}/ ∼
where (x1, · · · , xn) ∼ (x1 + k1, · · · , xn−1 + kn−1, xn) and note that the map
Ψ lifts to Ψˆ : Ξˆ → Xˆ, a diffeomorphism onto its image Mˆ0. It is useful to
write
Mˆ = Mˆ0 ∪
(
∪k∈ZX˚k
)
(6)
where each X˚k is (topologically X \ B for an n-balls B in X) attached to
Mˆ0 := Ψˆ(Ξˆ) along small spheres centered at (0, 0, k).
We now define a function ρ0 : Mˆ → R as follows. Define Ξˆ2ε as in (6)
but with 2ε in the place of ε. On Ψ(Ξˆ2ε), we take ρ0(x1, · · · , xn) = xn. On
the annuli Ψˆ(Ξˆ2ε \ Ξˆ) centered at (0, · · · , 0, k), interpolate between xn and
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k+ 12 (we can do this with uniformly C
1-norm independent of k). Then, on
X˚k define
ρ0(p) =
{
k + 12 + distg(p, ∂X˚k) k ≥ 0;
k + 12 − distg(p, ∂X˚k) k < 0.
We now define ρ1 to be a smoothing of ρ0. We can assume that ρ1 ≡ k + 12
in a small neighborhood of ∂X˚k. Since Mˆ is a covering space of M , there is
L > 0 so that
|Lip(ρ1)|g < L.
We may take L larger if necessary to assume that πL2 = J +
3
4 for some
J ∈ N.
We now define a function h ∈ C(Mˆ, [−∞,∞]) as follows. On Mˆ0∩{−πL2 ≤
ρ1 ≤ πL2 }, we define
h(p) = − tan( 1Lρ1(p)).
On the rest of Mˆ0 we set h = ±∞ such that it is continuous to [−∞,∞].
We now define h on X˚k. When |k| > J , set h = −∞ on X˚k. Now assume
k ≤ J .
For 0 ≤ k ≤ J and
p ∈ X˚k ∩
{
ρ1 < k +
1
2 +
2L
tan(L−1(k + 12))
}
,
or −J ≤ k < 0 and
p ∈ X˚k ∩
{
ρ1 > k +
1
2 +
2L
tan(L−1(k + 12))
}
,
we set
h(p) =
2L
ρ1(p)− (k + 12 )− 2Ltan(L−1(k+12))
.
Otherwise we set h(p) = ±∞ such that h is continuous.
We make several observations. First of all, since −J ≤ k ≤ J , we see that
−π2 < L−1(k + 12) < π2 .
Moreover, for p ∈ ∂X˚k, we have that
h(p) = − tan(L−1(k + 12)) = − tan(L−1ρ1(p)),
and thus h is Lipchitz across ∂X˚k. Finally, if 0 ≤ k ≤ J , p ∈ X˚k and
ρ1(p)ր k + 12 +
2L
tan(L−1(k + 12))
,
we have that h(p)→ −∞. Similarly, if −J ≤ k ≤ 0, p ∈ X˚k and
ρ1(p)ց k + 12 +
2L
tan(L−1(k + 12))
,
h1(p)→∞. Thus h is continuous.
SOAP BUBBLES AND POSITIVE SCALAR CURVATURE 15
Note that {|h| < ∞} is compact. This is because this region is compact
in M0, only finitely many ends X˚k are included in this set, and in each X˚k,
the region where {|h| <∞} is bounded.
Lemma 12. We can smooth h slightly to find a function h ∈ C∞(Mˆ ) sat-
isfying
Rgˆ + h
2 − 2|∇h| > 0 (7)
on {|h| <∞}.
Proof. The function h constructed above is smooth away from ∂Xk (and
Lipschitz there). As such, if we prove (7) for function h considered above,
then we can easily find a smooth function satisfying (7).
We first check (7) on Mˆ0. There, Rgˆ > 1. As such, we have that
Rgˆ + h
2 − 2|∇h| > 1 + tan2(L−1ρ1(p))− 2 sin−2(L−1ρ1(p)) > 0.
On the other hand, on X˚k (we assume that k ≥ 0 as the k < 0 case is
similar), we only know that Rgˆ > 0. Nevertheless, we compute
Rgˆ + h
2 − 2|∇h| > 4L
2 − 4L2(
ρ1(p)− (k + 12)− 2Ltan(L−1(k+12))
)2 = 0.
This completes the proof. 
We can thus consider µ-bubbles with respect to the function h we have
just defined. We fix
Ω0 :=
(
Ψˆ(Ξˆ ∩ {xn < −12}) ∪ (∪k<0X˚k)
)
∩ {|h| <∞}.
We can minimize Ah among all Cacioppoli sets Ω such that Ω∆Ω0 is com-
pactly contained in {|h| < ∞} by the argument given in Proposition 11
(with u = 1). Denote Ω the connected component of the minimizer contain-
ing {ρ1 = −J}. Since n ≤ 7, each component of ∂Ω is compact and regular.
By the stability for Ah (e.g., the calculation as in (3) where u = 1) and
Lemma 7, we see that Σ = ∂Ω satisfies∫
Σ
(|∇ϕ|2 + 12RΣϕ2) dHn−1 > 0 (8)
for all ϕ ∈ C∞(Σ).
We can find a compact region Mˆ ′ ⊂ Mˆ with smooth boundary so that
∂Ω ⊂ Mˆ ′. Furthermore, we can arrange that ∂Mˆ ′∩Mˆ0 = Ψˆ({z = ±(J+1)}).
Note that the other boundary components of Mˆ ′ thus lie completely in some
X˚k.
In particular, ∂Mˆ \ Mˆ0 bounds some compact manifold with boundary.
Cap these components off and then glue the {z = J+1} and {z = −(J+1)}
tori to each other. We thus find a manifold M˜ diffeomorphic to T n#X˜ for X˜
closed and Σn−1 ⊂ M˜ a hypersurface that is homologous to [T n−1 × {∗}] ∈
Hn−1(M˜ ) that satisfies (8). (We have not constructed a metric on M˜ , but
16 OTIS CHODOSH AND CHAO LI
this does not matter in the remaining part of the argument, all we need is
the topology of M˜ and Σ as well as the fact that Σ satisfies (8).)
We claim that this leads to a contradiction following the argument in
[23, 26]. Indeed, on the one hand (8) implies that (each component of) Σ
has positive first eigenvalue of the conformal Laplacian, and thus admits a
metric of positive scalar curvature. On the other hand, we can pull back the
1-forms dx1, . . . , dxn−1 along the map π : (T n#X˜) → T n to find 1-forms
ω1, . . . , ωn−1 so that ∫
Σ
ω1 ∧ · · · ∧ ωn−1 6= 0.
(this follows from the fact that Σ is homologous to T n−1 × {∗}). The proof
can now be completed using the inductive method of [23, 26].
7. Schoen-Yau-Schick manifolds
In this section, we briefly indicate an extension of Theorem 4 to manifolds
in the form of (M×S1)#X, whereM is a Schoen–Yau–Schick manifold (ab-
breviated as SYS manifold, following the definition of Gromov [10, Section
5]).
Definition 13 ([23][16][10][26]). Let n ≥ 2. A compact orientable n-manifold
M is called Schoen–Yau–Schick, if there exist n−2 integer homology classes
h1, · · · , hn−2 ∈ H1(M) such that σ = h1 ⌢ · · · ⌢ hn−2 ⌢ [M ] ∈ H2(M,Z)
is non-spherical. That is, σ is not contained in the image of the Hurewicz
homomorphism π2(M)→ H2(M).
For example, the torus is an SYS manifold. Using minimal surface and
induction descent argument, Schoen–Yau in [23] proved that SYS manifolds
of dimension at most 7 does not admit positive scalar curvature metrics. In
[16], Schick constructed an SYS manifold which is a counterexample to the
unstable Gromov-Lawson-Rosenberg conjecture.
Let n ≤ 6, and Mn be an SYS manifold. By passing to the cover M ×R
and construct the same functions ρ0, ρ1 and h as in Section 6, we can extend
Theorem 4 to the following.
Theorem 14. Let 2 ≤ n ≤ 6, Mn be an Schoen–Yau–Schick manifold. For
any (n+ 1)-manifold X, the connected sum (M × S1)#X does not admit a
complete metric of positive scalar curvature.
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